Abstract. Let C ⊂ (0, 1] be a set satisfying the descending chain condition. We show that any accumulation point of volumes of log canonical surfaces (X, B) with coefficients in C can be realized as the volume of a log canonical surface with big and nef K X + B and coefficients in C ∪ {1}, with at least one coefficient in Acc(C) ∪ {1}. As a corollary, if C ⊂ Q then all accumulation points of volumes are rational numbers, solving a conjecture of Blache. For the set of standard coefficients C 2 = {1 − 1 n | n ∈ N} ∪ {1} we prove that the minimal accumulation point is between 
Introduction
Let (X, B) be a projective log surface with log canonical singularities. The volume vol(K X +B) measures the asymptotic growth of the space of global sections of pluri-log-canonical divisors:
One says that K X + B is big if vol(K X + B) > 0. If this is the case, let π : (X, B) → (X can , B can ) be the contraction to the log canonical model. Then π * (K Xcan + B can ) is the positive part of K X + B in the Zariski decomposition and vol(K X + B) = vol(K Xcan + B can ) = (K Xcan + B can ) 2 .
The log canonical divisor K Xcan + B can is ample, but not Cartier in general. Hence vol(K X + B), being positive, is not necessarily an integer.
Assume that C ⊂ (0, 1] and let S(C) be the set of log canonical projective surfaces (X, B) such that the coefficients of B belong to C. Using the minimal model program for log surfaces, one has the following equalities of sets of volumes K 2 (C) : = {(vol(K X + B) | (X, B) ∈ S(C), K X + B big} = {(K X + B) 2 | (X, B) ∈ S(C), K X + B big and nef} = {(K X + B) 2 | (X, B) ∈ S(C), K X + B ample}
The three most commonly used sets of coefficients are C 0 = ∅, C 1 = {1}, and C 2 = {1 − 1 n | n ∈ N} ∪ {1}. The latter set is called the set of standard coefficients. It naturally appears when one studies groups of automorphisms of smooth varieties and in the adjunction formula. An easy observation is that these three sets satisfy the descending chain condition (DCC).
It is a fundamental result of the first author that if C is a DCC set then the set K 2 (C) is also DCC ([Ale94, Thm. 8.2]). The DCC is an assertion about the accumulation points of K 2 (C). Blache [Bla95a] and Kollár [Kol08, Theorem 39] have constructed several examples of accumulation points of volumes of log surfaces without boundary, and recently Urzúa and Yáñez [UY17] exploited Kollár's construction to show that all natural numbers are actually accumulation points of K 2 (C 0 ). Yet the overall picture of the accumulation points is unknown even for C 0 . We recall the definition of an nklt center of (X, B) in Section 2. We call an nklt center accessible if it is not a simple elliptic singularity P ∈ X or a smooth curve B 0 ⊂ B disjoint from Sing(X) and the rest of B. The first main result of this paper is the following. Remark 1.2. An equivalent condition for (ii.a) is that there exists a log surface (X, B) ∈ S(C ∪ 1) with big and nef K X + B and a coefficient of B is in Acc(C).
In Section 3 we show the "if part" of Theorem 1.1 by constructing a sequence of log canonical surfaces with volumes converging to v ∞ . The harder part of the theorem is the "only if part". The proof is carried out in Section 4. There are several interesting consequences of Theorem 1.1.
saying that min Acc(K 2 (C 0 )) = 1 is false. For example, the surface in [AL16, Sec.5] of volume 1 462 has a non-empty accessible nklt locus as in Theorem 1.1(ii.b), and one infers that 1 462 is an accumulation point of K 2 (C 0 ). The fact that Z >0 ⊂ Acc(K 2 (C 0 )) and that there are many accumulation points smaller than one was also established in the recent work of Urzúa and Yáñez [UY17] . Corollary 1.5. Let C ⊂ (0, 1] be a DCC set such that Acc(C) = {1}, e.g.
If C is finite, e.g.
nklt (C). Our second main result is an explicit lower bound for Acc(K 2 (C 2 )) for the standard coefficient set C 2 = {1 − 1 n , n ∈ N} ∪ {1}. In Section 5 we prove: Theorem 1.6. One has min Acc(
On the other hand, 1 42 2 is an accumulation point of K 2 (C 2 ) by applying Theorem 1.1(ii.b) to [Kol94, Example 5.3.1]. Overall, our bounds for the minimal accumulation points of the three most commonly used sets are as follows: Theorem 1.7. The following is true:
.8] gives an effective lower bound for K 2 (C) for any DCC set C, which is however too small to be realistic. For the sets C 0 , C 1 , C 2 it works out to about 10
−3·10
10 , cf. [AL16, Sec.10]. Our bounds for Acc(K 2 (C 2 )) are considerably "larger".
In Section 6 we discuss the iterated accumulation points of K 2 (C), i.e. accumulation points of accumulation points etc. In particular, we establish that its "accumulation complexity" is unbounded already for the simplest set C 0 = ∅.
Preliminaries
Throughout the paper, we work over an algebraically closed field of arbitrary characteristic. We recall the standard definitions of the MMP, see e.g. [KM98] . We will only need them for surfaces. Given an R-divisor B = j b j B j on a normal surface X and a real number a we write
A log surface consists of a normal projective surface X and effective R-divisor B such that K X + B is R-Cartier. Let f : Y → X be a morphism from a normal surface Y . Then we frequently denote by B Y the R-divisor on Y defined by the identity
. A log resolution is a resolution of singularities f : Y → X such that Exc(f )∪f −1 * B has a simple normal crossing support, where Exc(f ) is the exceptional locus of f and f −1 * B is the strict transform of B on Y. We can write
One usually writes a i = a(E i , X, B) and calls it the discrepancy of E i with respect to (X, B). One says that (X, B) is log canonical (resp. Kawamata log terminal ) if a i ≥ −1 (resp. a i > −1) for every i. The numbers b(E i , X, B) := −a(E i , X, B) are called codiscrepancies. We use abbreviations lc and klt for log canonical and Kawamata log terminal respectively. Thus, (X, B) is lc, resp. klt, if the coefficients in B Y are ≤ 1, resp. are < 1. A nonklt, or nklt center of a log surface (X, B) is an image of a divisor E on Y whose coefficient in B Y is ≥ 1, i.e. = 1 in the log canonical case. In other words, E is either a component of B = b j B j with b j ≥ 1 or an image of an exceptional divisor with a(E, X, B) ≤ −1. This definition does not depend on a log resolution. The nklt locus of (X, B), denoted by nklt(X, B), is the union of all nklt centers.
A log surface (X, B) is dlt if it is log canonical, and there exists a finite collection of points S ⊂ X such that (X \ S, supp B \ S) is a smooth normal crossing pair, and there are no nklt centers contained in S.
Definition 2.1. Let (X, B = b j B j ) be a log surface, b i ≥ 0. We do not assume that it is lc and we allow some coefficients to be
It is a result of Hacon that dlt blowups exist in any dimension, see e.g. [Fuj11, Theorem 10 .4]. For surfaces, this is an elementary fact: a dlt blowup is obtained by taking a log resolution followed by contracting back the exceptional curves with discrepancy a(E, X, B) > −1. The configuration of such curves is log terminal, hence rational, and the contraction exists by [Art62] . Definition 2.2. We will say that f : Y → X is an effective resolution of a log surface (X, B) if Y is smooth and B Y ≥ 0, i.e. the discrepancies are a i ≤ 0. For example, the minimal resolution of surface singularities is effective. Definition 2.3. Let (X, B) be a log canonical surface, and let Z be an nklt center (so a point or a curve). Let f : Y → X be a log resolution, and E an irreducible component of B =1 Y on Y such that Z = f (E). We say that Z is an inaccessible nklt center if E is disjoint from the rest of B >0 Y . We call Z a accessible nklt center otherwise. It is easy to see that this definition does not depend on the choices of the log resolution f and of the component E. From the classification of log canonical singularities (see e.g. [Ale92] ) it follows that an nklt center is inaccessible iff it is a point p ∈ X which is a simple elliptic singularity with p / ∈ B, or if it is a smooth curve B j which appears in B with coefficient b j = 1, lies in the smooth part of X, and is disjoint from the rest of B.
Lemma 2.5. Let Z be an accessible nklt center of a log canonical surface (X, B). Then there exists an effective resolution of singularities f :
Proof. Y can be taken to be the minimal resolution of a dlt blowup of (X, B).
A set C ⊂ R is called a DCC (resp. ACC) set if it satisfies the descending (resp. ascending) chain condition: a strictly decreasing (resp. increasing) subsequence of C terminates.
Definition 2.6. Let C ⊂ (0, 1]. The derivative set is defined as follows:
It is easy to see that if C is a DCC set then so is C ′ . Note that
One standard way the derivative set appears is the adjunction formula [Sho92] . Let (Y, E + ∆) ∈ S(C) be a log canonical surface with E a reduced curve. In particular, K Y + E + ∆ is an R-Cartier and the curve E is at worst nodal. Then the restriction of
The explicit formula of the coefficients b ′ k is as follows. Lemma 2.7. Let (Y, E + b j ∆ j ) be a log canonical surface as above. Then for each k
is a singularity and the exceptional locus of its minimal resolution g : Z → Y is a chain of curves F 1 , . . . , F r with F 2 i = −p i ≤ 2, and
is the determinant of the matrix M corresponding to the resolution, with p i on the main diagonal and −1 next to the main diagonal. The number m is the index of
Proof. Assume that Q k ∈ Y is singular and that b ′ k < 1. By the classification of log canonical surface singularities with coefficients in {1} ([Ale92]), the resolution graph of Q k ∈ Y is a chain. The log discrepancies (1+f i ) of K Y +E +∆ along F i are solutions to a r × r system of linear equations with the matrix M . The formula for M −1 in terms of cofactors gives the stated formula. The number det(p i+1 , . . . , p r ) is the minor of M obtained by removing the first column and i-th row.
In particular, we have the following well known fact:
and
(i) either supp g −1 * ∆ intersects only the last curve F r , once, and the corresponding coefficient of g
(ii) or supp g −1 * ∆ is disjoint from ∪F i , and m = n, n ′ = 1.
In particular, n(K Y + E + ∆) is integral and Cartier in a neighborhood of Q k .
We now introduce an auxiliary ACC set.
Lemma 2.9. Let C ⊂ (0, 1] is a DCC set and m ∈ N. Then the following set
is an ACC set and thus attains the maximum t m (C) ∈ R ≥1 . For any b ∈ C with {mb} = 0 one has b + t m {mb} ≥ 1. Here, {x} denotes the fractional part of x.
Lemma 2.10. For C = C 0 , C 1 or C 2 , one has t m = 1 for all m.
The proofs of these lemmas are straightforward, and are skipped.
Construction of accumulation points
In this section, we prove one direction of Theorem 1.1: if there exists a log canonical surface (X, B) ∈ S(C ∪ {1}) with ample K X + B satisfying the conditions (ii) and (iii) then (K X + B)
2 is an accumulation point of K 2 (C).
3.1. Accumulation points of volumes due to accumulating coefficients.
Theorem 3.1. Let C ⊂ (0, 1] be a DCC set. Let (X, B) ∈ S(C) such that K X + B big and nef, and at least one coefficient of B is an accumulation point of C.
Proof. Write B = j∈J b j B j . Let J ∞ be the set of the indices j such that b j is an accumulation point of C. Then J ∞ is nonempty by assumption. Since bigness is an open condition on the N 1 (X) R , the space of numerical classes of R-divisors on X, there is a strictly increasing sequence b
is big, where
Since (X, B) is log canonical and 0 ≤ B (s) < B for any s, the log surfaces (X, B (s) ) are all log canonical. By construction, (X, B (s) ) ∈ S(C). Since K X + B is nef, one has vol(K X + B (s) ) < vol(K X + B). Finally, since the volume is a continuous function on N 1 (X) R , we have
3.2. Accumulation points of volumes due to nklt loci.
Definition 3.2. We denote by C B the set of coefficients appearing in B.
Theorem 3.3. Let (X, B) be a log canonical surface with ample K X + B and nonempty accessible nklt locus. For any ǫ > 0, there is a log canonical surface (X ′ , B ′ ) ∈ S(C B ) with ample K X ′ + B ′ such that (i) X ′ birational to X and B ′ is the strict transform of B, and
Remark 3.4. The construction appeared in [Liu17] when the coefficient set is C 1 .
Proof. Consider a resolution as in Lemma 2.5 and
. By blowing up a point of intersection of B 1 and B 2 several times, if necessary, we can assume that f is effective, and B 1 , B 2 meet transversally at a single point p ∈ Y .
In our notation, b 1 = 1 and b 2 > 0. Let us blow up p ∈ Y and then its preimage on the strict transforms of B 2 on the blown-up surfaces. Let h : Y (s) → Y be the resulting morphism after s blow-ups. The inverse image of B 1 + B 2 on Y (s) has the following dual graph:
(1)
where the B (s) j 's are the strict transforms of the B j 's (j = 1, 2), the E i 's (1 ≤ i ≤ n) are the exceptional curves, and the numbers above the nodes are the negatives of the self-intersections of the corresponding curves.
Let
On the other hand, one computes
Obviously, they are all contracted by the morphism g :
Corollary 3.5. Let (X, B) be a log canonical surface with ample K X + B and nonempty accessible nklt locus. For any ǫ > 0, there is a log canonical surface
Proof. By Theorem 3.3 there is a log surface (X (1) , B (1) ) ∈ S(C B ) with ample
(1) such that X (1) is birational to X and B (1) is the strict transform of B, and
.
(1) ) has nonempty accessible nklt locus, then we can apply Theorem 3.3 again to (
, and if (X (s) , B (s) ) has nonempty accessible nklt locus, then we can apply Theorem 3.3 to (X (s) , B (s) ) to obtain a log surface (
Since K 2 (C B ) is a DCC set, this process must stop after, say, N − 1 steps. Then (X (N ) , B (N ) ) has ample K X (N ) + B (N ) and empty accessible nklt locus, and it is birational to X and B (N ) is the strict transform of B. Moreover,
Now we take (X
Corollary 3.6. Let (X, B) be a log canonical surface with ample K X + B and nonempty accessible nklt locus. Then there is an infinite sequence of log canonical
is birational to X and B (s) is the strict transform of B; (ii) (X (s) , B (s) ) has no accessible nklt locus; (iii) the volumes vol(K X (s) + B (s) ) are strictly increasing and
3.3. The if part of Theorem 1.1.
Proof of Theorem 1.1: the if part. First we assume that 1 ∈ C, so C ∪ {1} = C. If (X, B) satisfies (ii.a), then there is a birational morphism f : Y → X extracting a single curve, with codiscrepancy contained in Acc(C). As usual, we write
. Note that B Y is effective and the log surface (Y, B Y ) satisfies the conditions of Theorem 3.1, so we have (
In this case, we can assume that (X, B) does not satisfy (ii.a), so C B ⊂ C and hence vol(K X + B) ∈ Acc(K 2 (C)). Now we assume that 1 / ∈ C. Then each irreducible component of ⌊B⌋ has geometric genus at most 1 by assumption (iii). By Corollary 3.6, we get a sequence (X (s) , B (s) ) ∈ S(C ∪ {1}) with volumes converging to (K X + B) 2 but with an additional property: each component of ⌊B (s) ⌋ has geometric genus ≤ 1. But since there is no accessible nklt locus, each component of ⌊B (s) ⌋ must be a smooth curve lying in the smooth locus of X (s) and disjoint from the rest of B (s) . By adjunction, it then must have genus ≥ 2. Thus, ⌊B (s) ⌋ = 0 and (X (s) , B (s) ) ∈ S(C).
Example 3.7. First consider the log canonical surface (P 1 (F 1 , B) is log canonical, has ample K F1 + B and (K F1 + B) 2 = 2n − 3, which exhausts all the positive odd integers as n varies. By Theorem 1.1, each of 2n − 3 with n ≥ 2 is an accumulation point of K 2 (C 0 ). As a result of the above construction, we obtain Z >0 ⊂ Acc(K 2 (C 0 )), which proves one part of [Bla95a, Conjecture 3, (a)].
The limit surface
Lemma 4.1. Let Z be a projective normal surface and B = j b j B j an effective RCartier divisor on Z with b 0 < 1. Then there are finitely many effective resolutions g t : Z t → Z, 1 ≤ t ≤ r such that, if g : Y → Z is an effective resolution, then there is an t such that the birational map g Proof. Since any resolution f : Y → Z dominates the minimal resolution of Z, we can replace Z by its minimal resolution and the log canonical divisor K Z + B by its pull-back. In other words, we can assume that Z is smooth.
We will take g t : Z t → Z to be effective resolutions (cf. (2.2)) that only blow up points on B 0 and its strict transforms. The lemma is equivalent to the statement that there are only finitely many such effective resolutions.
Suppose that f : Y → Z is such a resolution. Then f cannot blow up any smooth point of supp B that lies in B 0 , since b 0 < 1. So there are only finitely many choices for the first level of blow-ups at the points of B 0 .
Over every point p ∈ B 0 that is blown up, there are finitely many blow-ups that make the support of the total transform of B becomes simple normal crossing over p. Let p 1 , . . . , p k be the inverse images of p lying on the strict transform of B 0 . Then the codiscrepancy of the exceptional divisor of the k-th blowup over p i and at the strict transform of B 0 takes the form a i − k(1 − b 0 ), where a i is the coefficient of the (unique) boundary component in the pull-back of K Z + B that intersects the strict transform of B 0 at p i . Under the condition that b 0 < 1 and a i − k(1 − b 0 ) ≥ 0 there are only finitely many further blow-ups over p i .
Let C ⊂ (0, 1]. We define the following subset of K 2 (C) 
) is klt and it holds klt case. First we assume that v ∞ ∈ Acc(K 2 klt (C)). Then by Lemma 4.2, (X (s) , B (s) ) have klt singularities for all s and for every s < t,
Z is nef, so is their limit K Z + B Z . Moreover, the bigness of
We need to show that (Z, B Z ) is log canonical. Obviously, the divisor B Z has coefficients in (0, 1]. Let E be a divisor over Z. By (4.1) we have, for every s < t,
where b denotes the codiscrepancies of the log surfaces. It follows that
Hence (Z, B Z ) is log canonical. However, it is possible that the coefficient set C BZ is not contained in C ∪ {1}, as required. We need to contract all the components of B Z that have coefficients not in C ∪ {1}. For this, we consider (Z, B Z ) → (Z can , B can ) =: (X, B), the contraction onto the log canonical model. We will show that (X, B) ∈ S(C ∪{1}) and it satisfies the properties (i), (ii), (iii) of Theorem 1.1.
Claim. (X, B) ∈ S(C ∪ {1}).
Proof of the claim. Being the log canonical model of (Z, B Z ), the surface (X, B) is log canonical. We need to show that C B ⊂ C ∪ {1}, or equivalently, any component B j of B Z with coefficient b j / ∈ C ∪ {1} is contracted by the morphism Z → X. Since b j < 1, up to taking a subsequence, there is a resolution h : Z ′ → Z such that for each s, the birational map g In conclusion, the theorem is proved in the case when
Then there are at most finitely many s such that (X (s) , B s ) is klt. By taking an infinite subsequence, we can assume that nklt(X (s) , B (s) ) = ∅ for all s. For each s, let µ s :X (s) → X (s) be a Q-factorial dlt blowup, extracting only divisors with discrepancy −1. Let KX(s) + BX(s) = µ * s (K X (s) + B (s) ), and write
BX(s) = B
X (s) where B
is the fractional part of BX(s) and B
X (s) the (nonzero) reduced part.
We can choose a strictly decreasing sequence ǫ s ∈ (0, 1] with lim s→∞ ǫ s = 0 such that 
2 is strictly increasing and lim s→∞ (KX(s) + B
Then D is a DCC set and (X (s) , B ′X (s) ) ∈ S(D) are klt. As in the klt case, we can then construct a log canonical surface (Z, B Z ) with big and nef K Z + B Z whose log canonical model is in S(D ∪ {1}) .
We need to show that the log canonical model (X, B) of (Z, B Z ) is actually in S(C ∪ {1}). By construction, each coefficient b of the divisor B is either in Acc(D) ∪ {1} or it appears in the divisors B ′X (s) infinitely many times. Since Acc(D) = Acc(C) ∪ {1} and each of the coefficients 1 − ǫ s appears only once, we have b ∈ C ∪ {1}.
Similar arguments as in the klt case show that (X, B) satisfies the conditions (ii) and (iii) of Theorem 1.1.
Lower bounds of accumulation points for
Let C ⊂ (0, 1] be a DCC subset. By [Ale94] the set K 2 (C) and so also Acc(K 2 (C)) are DCC sets. The paper [AM04] gives an effectively computable lower bound for K 2 (C) but, as we mentioned, it is way too small to be useful. However, we have the following quite efficient bound:
Definition 5.1.
2 | (X, B) ∈ S(C ∪ {1}), K X + B ample and ⌊B⌋ = 0}. 
, where for the latter we only consider log surfaces (X, B) with nklt(X, B) = ∅. If ⌊B⌋ = 0 then we are done by (5.2). Below, we deal with the remaining case: ⌊B⌋ = ∅ but (X, B) has an isolated nklt center, a point p ∈ X. The number t m (C) in the theorem below was defined in Section 2.
Theorem 5.3. Let (X, B = b j B j ) be a log canonical surface with coefficients in a DCC set C. Suppose that K X + B is ample and that H 0 (X, ⌊m(K X + B)⌋) = 0. Then
Proof. Let C ∼ ⌊m(K X + B)⌋ be an effective curve. Hence, we have the relation We want to bound the divisor K X + D from above in terms of K X + B. We search for a number t such that
This is true for as long as t ≥ 1 and for every b ∈ C with {mb} = 0 one has b + t{mb} ≥ 1. By Lemma 2.9 this holds if we set t = t m (C). This gives us
The log surface (X, D) may not be log canonical. Let f : Y → X be a dlt blowup as in Definition 2. Next, we find a section of a multiple of K X +B provided that nklt(X, B) contains an isolated point.
Proposition 5.4. Let (X, B) be in S(C 2 ) such that K X + B is ample. Let p be an isolated nklt center of (X, B). Assume that m(K X + B) is integral and Cartier near the point p.
Proof. Part (ii) is obtained from (i) by using 2(K X + B), so we only need to prove (i). Let f : Y → X be a log resolution. Write
Y . By assumption, the divisor E is reduced, nonempty, and has a connected component contained in f −1 (p). Since (m − 1)(K Y + B Y ) is big and nef, we have
by the Kawamata-Viehweg vanishing theorem. The standard exact sequence 0
together with the above vanishing gives
Let E 0 be a connected component of E contained in f −1 (p). The coefficients of the divisors B j in B Y which intersect E 0 satisfy 0 ≤ b j < 1; they appear in the different. Since m(K X + B) is integral and Cartier at p, it follows that in a neighborhood of E 0 one has
) and is trivial. Therefore, the above two H 0 groups are nonzero. Thus, the divisor
is effective. Now it is easy to see that for a number of the form b = 1 − 1 n , n ∈ N and for any m ∈ N one has ⌈(m − 1)b⌉ = ⌊mb⌋. Thus, the last divisor equals
Remark 5.5. Let (X, B) ∈ S(C 2 ) with ample K X + B and k distinct isolated nklt centers p i , 1 ≤ i ≤ k. Assume that m(K X + B) is integral and Cartier near each point p i . Then the same argument of Proposition 5.4 gives:
Proposition 5.6. For each DCC set C ⊂ (0, 1] ∩ Q, there exists m(C) ∈ N such that for any log surface (X, B) in S(C) with ample K X + B and a point p ∈ X that is an isolated nklt center of (X, B), the divisor m(C)(K X + B) is integral and Cartier near p.
Proof. Let f : Y → X be a dlt blowup, as in (2.1). Let B Y = E + ∆ be the decomposition into the integral and fractional parts. We have E = 0 by assumption; write E = E i . By Shokurov's connectedness theorem [Sho92, Lemma 5.7], E is connected. As in Section 2, the adjunction to E gives
It follows that (i) Either p a (E) = 1, E is a smooth elliptic curve or a cycle of P 1 s, and p / ∈ B. Then K X + B is Cartier near p.
(ii) Or E is a P 1 or a chain of P 1 's and ∆ intersects only the end curves.
Restricting to an end curve gives an identity b
′ is a DCC set, this identity has only finitely many solutions. For a fixed b
and there are only finitely many solutions for n, n j , b j . By Lemma 2.7, n is the index of the singularity Q k ∈ Y .
The end result is that there are only finitely many possibilities for b j and the Cartier indices of K Y + B Y at the singular points over p. Since all b j ∈ Q by assumption, there exists a fixed multiple m depending only on C such that m(K Y + B Y ) is integral and Cartier. If p is a point as in (i) above then near p the divisor K X + B = K X is already Cartier. Otherwise X is klt at p. By the Base Point Free Theorem for lc surfaces it follows that m(K X + B) is Cartier.
Lemma 5.7. Let (X, B) be a log surface in S(C 2 ) and let p ∈ X be a point that is an isolated nklt center of (X, B). Then the divisor m(K X + B) is integral and Cartier near p for m = 1, 2, 3, 4 or 6.
Proof. As in the proof of the above proposition, for a dlt blowup Y → X on an exceptional divisor E = E i there are several singularities of index m j and an identity of the form (1 − 1 nj ) = 1 or 2. As it is well known, the only solutions (n j ) to this identity are (2, 2), (3, 3, 3), (2, 4, 4), (2, 3, 6), (2, 2, 2, 2). By (2.8), the indices m j divide n j : n j = m j n Putting this together we get:
Theorem 5.8. For any log surface (X, B) ∈ S(C 2 ) with ample K X + B and nklt(X, B) = ∅ one has
2 ≥ 1 42 2 by Theorem 5.2. Otherwise, there is an isolated nklt center. Then we apply Theorem 5.3 and use that t m = 1 by Lemma 2.10 and m ≤ 6 by Lemma 5.7.
We conclude by completing the proof of Theorem 1.7. (iii) The lower bound follows from that for C 2 . The upper bound is obtained by applying Theorem 1.1 to the example in [AL16] of a strictly log canonical surface X with ample K X and K 2 X = 1 462 . (i) For C 2 , this follows from Corollary 1.5. For C 0 , and C 1 , using (1.3), we have to rule out the possibility that the minimum is achieved on a log surface (X, B) with an inaccessible nklt locus, i.e. one that has (a) either a simple elliptic singularity, (b) or a smooth component B j of B lying in a smooth part.
However, in the case (a) one has (K X + B) 2 ≥ 1 143 by [Liu17] . And in the case (b) (K X + B)B 0 ∈ N, so by [Kol94] (K X + B)
2 ≥ δ 1 (C 2 )(K X + B)B 0 ≥ δ 1 (C 2 ), where δ 1 = sup(t) such that K X + B − tB 0 is big. One has δ 1 (C 2 ) = Remark 5.9.
(i) By Lemma 5.7, we can take m(C 2 ) = 12. If (X, B) ∈ S(C 2 ) has ample K X + B and at least two isolated nklt centers, then one has dim H 0 (X, ⌊12(K X + B)⌋) ≥ 2 by Remark 5.5. In this case, one expects a better lower bound on vol(K X + B), cf. [Bla95b, Theorem 5.1].
(ii) For any ǫ > 0, the set of numbers in K 2 (C 2 ) that are less than Obviously, Acc 1 (V ) = Acc(V ) is exactly the set of accumulation points of V ; Acc k (V ) ⊂ Acc k−1 (V ) for k ≥ 2.
Theorem 6.2. For any set C ⊂ (0, 1] and any k ∈ N, one has Acc k (K 2 (C)) = ∅.
Proof. Consider (X, B) = (P 2 , n j=1 L j ) with n ≥ 4 where the L j 's are n distinct lines in general position. Then (X, B) is a log canonical surface with ample K X + B and (K X + B) 2 = (n − 3) 2 . Let p j ∈ L j ∩ L n for 1 ≤ j ≤ n − 1 be the n − 1 nodes of B on L n . We apply the construction of Theorem 3.3 to all of these points at once.
Let h : Z = Y (s1,...,sn−1) → P 2 be obtained by blowing up s j times at the point p j and its preimages on the the strict transforms of L j , 1 ≤ j ≤ n − 1. As in Theorem 3.3, we define the divisor B Z by K Z + B Z = h * (K X + B) and the divisor B 
